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Remarks on the nonvanishing of cohomology groups for
perverse sheaves on abelian varieties
Rainer Weissauer
Let X be an abelian variety over an algebraically closed field k of dimension g and let K be an
irreducible perverse sheaf in Dbc(X,Λ) for Λ = Qℓ. If the base field k has positive characteristic, we
assume that K is defined over a field that is finitely generated over its prime field with ℓ different
from the characteristic. Suppose that not all cohomology groups Hν(X,K) are zero and let denote
d(K) = max{ν | Hν(X,K) 6= 0}. Notice d(K) ≥ 0, by the Hard Lefschetz Theorem.
Theorem. For d = d(K) > 0 we have
dimΛ(H
d−1(X,K)) > 2d/(d+ g) · dimΛ(H
d(X,K)) .
If furthermore X is a simple abelian variety, then dimΛ(H
d−1(X,K)) > d · dimΛ(H
d(X,K)).
Remark. By the Hard Lefschetz Theorem an immediate consequence of this theorem is the
assertion: Hν(X,K) 6= 0 if and only if ν ∈ [−d(K), d(K)]. So for character twists Kχ [KrW] the
sets Vi(K)={χ|H
i(X,Kχ) 6= 0} satisfy Vi+1(K) ⊆ Vi(K) for all i ≥ 0. For an arbitrary projective
smooth variety Y over k with Albanese morphism f : Y → X and a perverse sheaf L on Y the decom-
position theorem gives Rf∗(L) ∼=
⊕
pHi(Rf∗(L))[−i] and H
ν(Y, L) ∼=
⊕
j+i=ν H
j(X, pHi(Rf∗(L)).
From the relative Hard Lefschetz Theorem and the theorem above applied to the irreducible con-
stituents K of the semisimple perverse cohomology sheaves pHi(Rf∗(L)) we therefore obtain
Corollary 1. Let L be an irreducible perverse sheaf L on a smooth projective variety Y with
d = max{ν | Hν(Y, L) 6= 0}. Suppose the Albanese morphism f :Y →X is not trivial and suppose
Hd(Y, L) 6= H0(X, pHd(Rf∗(L))) (e.g. this is the case if the fibers of f have dimension < d). Then
Hν(Y, L) 6= 0 holds if and only if ν ∈ [−d, d].
Proof of the theorem. First suppose that K is negligible, i.e. of the form K ∼= π∗(Q)[q] for a
perverse sheaf Q on a quotient abelian variety π : X → X/A defined by an abelian subvariety A ⊆ X
of dimension q > 0. Then d = d(K) = d(Q) + q since H•(X,K) ∼=
⊕2q
i=0
(
2q
i
)
·H•(X/A,Q[i + q]).
Hence Hd(X,K) ∼= Hd(Q)(X/A,Q) and Hd−1(X,K) ∼= 2q · Hd(Q)(X/A,Q) ⊕ Hd(Q)−1(X/A,Q).
Since 2q > 2d/(d+g), our claim follows in this case; similarly 2q = 2g > d in the case where X = A
is simple. Therefore we now make the
Assumption. Suppose K is irreducible, but not negligible. Furthermore suppose d > 0.
For the perverse sheaf K on X consider the Laurent polynomial ht(X,K) =
∑
ν aνt
ν defined
by aν = dimΛ(H
ν(X,K)). Then d = d(K) is the largest integer ν such that aν 6= 0.
Choose an integer r minimal such that r · d > g. Hence r > 1 and r · d < g + d. The r-th
convolution power of K is a direct sum of a perverse sheaf Kr on X and a finite direct sum of
complexes Lµ[nµ] with negligible perverse sheaves Lµ on X of the form:
1
• Lµ = π
∗
µ(Qµ)[gµ] for irreducible not negligible perverse sheaves Qµ on X/Aµ
• πµ :X → X/Aµ is the quotient by an abelian subvariety Aµ of X of dimension gµ > 0.
This follows from [KrW], [W], and for this assertion we have to assume that the perverse sheaf K is
defined over a finitely generated field over the prime field in the case of positive characteristic [W].
Then ht(X,Lµ[nµ]) =
∑
ν dim(H
ν(X,Lµ[nµ]) · t
ν =
∑
ν≤dµ
bµνt
ν for integers bµν ≥ 0, and we
may assume bµ = bµdµ ≥ 1 since we can ignore cohomologically trivial summands in the following.
Let T denote the set of all indices µ such that dµ + gµ = r · d holds. By well known cohomological
bounds [BBD], the cohomology of an irreducible perverse sheaf on X vanishes in degrees ≥ g unless
it is negligible. Since r · d ≥ g, the Ku¨nneth formula in the form H•(X,K∗r) ∼= H•(X,K)⊗r and a
comparison of coefficients at trd implies
(ad)
r =
∑
µ∈T
bµ .
Similarly, now using r · d ≥ g + 1, by comparing coefficients at trd−1 we obtain
r · ad−1(ad)
r−1 ≥
∑
µ∈T
2gµbµ ≥ 2 ·min
µ
(gµ) · (ad)
r .
Indeed, the second equality follows from the formula
∑
µ∈T bµ = (ad)
r above. For the first inequality
we exploited the fact that all coefficients bµν in ht(X,Lµ[nµ]) = (t+2+ t
−1)gµ ·ht(X/Aµ, Qµ[nµ]) =
(tgµ + 2gµt
gµ−1 + · · ·)(bµt
dµ + · · ·) are nonnegative. We conclude
ad−1 ≥
2minµ(gµ)
r
· ad ≥
2
r
· ad >
2d
g + d
· ad
where the last inequality follows from r · d < g + d. If X is simple, then minµ(gµ) = g and hence
ad−1 ≥
2g
r
ad. Now r · d < g + d < 2g implies ad−1 > d · ad. QED
Remark. d(K) for the intersection cohomology sheaf K of an irreducible subvariety Y of X
is the dimension of Y . In this case there exist stronger geometric estimates than those from the
theorem above. However, already when Y is a variety of maximal Albanese dimension and K is an
arbitrary irreducible constituent of the direct image of the intersection cohomology perverse sheaf
on Y under the Albanese morphism f : Y → X=Alb(Y ) I am not aware of estimates of the above
form in the literature.
Next, consider a finite Galois morphism
π : Y˜ → Y
between smooth complex varieties of dimension n with Galois group Γ, where we view Γ to act on
Y˜ from the right. For every isomorphism class φ of irreducible representations Vφ of Γ let mν(φ)
denote the multiplicity of the irreducible representation φ of Γ on Hν+n(Y˜ ,C).
For simplicity, from now on suppose that Y is projective and f : Y → Alb(Y ) = X is a closed
embedding. Then the theorem above implies
Corollary 2. If d = d(Kφ) > 0, then md−1(φ) > 2dmd(φ)/(d + g) > 0.
2
Proof. For every class φ there exists an irreducible perverse sheaf Kφ on Y and a Γ-equivariant
isomorphism H•+n(Y˜ ,C) ∼=
⊕
φ Vφ ⊗C H
•(Y,Kφ), where Γ acts on Vφ by φ and trivially on
H•(Y,Kφ). For unramified π, this immediately follows from [KiW], remark 15.3 (d). Applying this
remark for the restriction of π to π−1(U), for the open dense subset U ⊆ Y obtained by removing
the ramification divisor of π, by perverse analytic continuation in general it suffices to observe that
for δY˜ = CY˜ [n] the semisimple perverse sheaf π∗(δY˜ ) on Y has irreducible perverse constituents K
whose restriction to U are nontrivial. To show this notice that Hom(π∗(δY˜ ),K) = Hom(δY˜ , π
!(K))
vanishes if K (and hence π!(K)) is a perverse sheaf with support of dimension < dim(Y ). Indeed,
since δY˜ is an irreducible perverse sheaf with support of dimension dim(Y ), Hom(δY˜ , π
!(K)) is
zero. This being said, we obtain mν(φ) = dim(H
ν(Y,Kφ)). Since f is a closed immersion, the
direct images of Kφ under the Albanese morphism again are irreducible perverse sheaves. So we
can apply the theorem. QED
Still suppose π : Y˜ → Y is a Galois covering and f : Y → Alb(Y ) is a closed embedding. Since
χ(Y,Kφ) =
∑
ν(−1)
ν dimHν(Y,Kφ), for γ ∈ Γ the trace tr(γ) =
∑
ν(−1)
νtr(γ;Hν(Y˜ , δY˜ )) can
be written
tr(γ) =
∑
φ
χ(Y,Kφ) · tr(γ;Vφ) .
Kφ has rank dim(Vφ) on U , thus generic rank dim(Vφ) on Y . Hence the characteristic cycle of
the D-module on Alb(Y ) attached to f∗(Kφ) is a sum of irreducible Lagrangians cycles containing
the conormal Lagrangian cycle Λf(Y ) ⊂ T
∗(X) with multiplicity dim(Vφ). As shown in [FK], by
the theorem of Dubson-Riemann-Roch this implies χ(Kφ) = χ(f∗(Kφ)) ≥ dim(Vφ) · deg(Λf(Y )).
Furthermore since f(Y ) ∼= Y is smooth, the characteristic variety of f(Y ) is Λf(Y ) and hence
deg(Λf(Y )) is the Euler-Poincare characteristic χY of the variety Y , again by [FK]. This implies
tr(γ) =
∑
ν
(dim(Vφ)χY + aφ) · φ(γ)
for certain integers aφ ≥ 0. Hence the virtual representation defined by tr(γ) is χY times the
regular representation of Γ plus a true representation of Γ. Notice that χY ≥ 0 holds by [FK] and
our assumptions on f .
Remark. In the case of surfaces Y , for a nontrivial irreducible representation φ of Γ from this
Chevalley-Weil type trace formula we obtain the estimate m0(φ)− 2m1(φ) = dim(Vφ)χY + aφ ≥ 0.
So, for surfaces and nontrivial φ under the assumptions before corollary 2, this improves the previous
estimate m0(φ) ≥ 2m1(φ)/(g + 1) of corollary 2.
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